NEW WEIGHTED HARDY'S INEQUALITIES WITH APPLICATION TO NONEXISTENCE 

OF GLOBAL SOLUTIONS 



BY DANIEL HAUER, ABDELAZIZ RHANDI 

Abstract. In this article, we prove that the following weighted Hardy inequality 

(1) O^V J |f |Vu|"^ + (^)''- 1 S gn(i-p) J \u\P&ffiHdr 

holds for all u in the weighted Sobolev space W fI ' p with best constant, where A £ R' ,x ' i is a positive- 
definite symmetric matrix, d > 1, 1 < p < +oo, and denotes a Borel measure on R rf given by 

(2) dp = p(x)dx with density p(x) = c • exp(-i(x f Aj)P /2 ), (c> 0). 

Here the integral is taken over ]0, +oo[ if d = 1 and over R d if d > 2. If p > d, then we can deduce 
from inequality that there is a Poincare inequality on WJ^. The proof of inequality ^ is based on 
the method of vector fields firstly introduced by Mitidieri 1 14 [. By the same method, we prove for the 
same weights and for 1 < p < +oo, d > 1, weighted Caffarelli-Kohn-Nirenberg inequalities. As an 
application of inequality ^ we prove a nonexistence result for a p-Kolmogorov parabolic equation. 

1. Introduction 

In the cases, when A = 0, and c = 1, the Borel measure \i defined in ||2j reduces to the 
Lebesgue measure on R rf and so inequality IQ} becomes the well-known Hardy inequality 

(3) {^f) V J\§dx<J\Vu\Pdx (ueW^n- 

Inequality ((3) was first stated in dimension d = 1 in ||T3] by Hardy in 1920. Various generalization 
of Hardy's inequality since have been found with application to various branches of mathemat- 
ics, see for instance IIT5l p. 175f] by Mitrinovic, Pecaric, and Fink. Among them, we want shortly 
summarize the relation between the Hardy inequality with its optimal constant and the existence 
and nonexistence theory of nonnegative solutions of parabolic equations containing a critical po- 
tential. In 1984 Baras and J. Goldstein proved in [2] the following important result. 

Theorem A. 1. (Baras-Goldstein) Let Cl =]0, +oo[ if d = landCl = M d if d > 2. 

(i) IfX< (^j^) 2 , then for the linear parabolic equation 

(4) |f - Au = j^u x G n, t > 0, 

admits a nonnegative nontrivial solution. 

(ii) If A > (%^) , then equation <(4j) admits no nonnegative nontrivial solution. 

Obviously, the phenomenon of existence and nonexistence is caused by the singular potential 
A | x | ~ 2 , which is controlled by Hardy's inequality (O together with its optimal constant. Improve- 
ments of inequality |(3) with or without reminder term of inequality (|3} have been found, see for 
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instance [4, 1997] by Brezis and Vazquez, [8.. 1998] by Garcia Azorero and Peral Alonso, [17, 2000] 
by Vazquez and Zuazua, (TJ. 2006] by W. Arendt, G. R. Goldstein, and J. A. Goldstein, as well 
as IfTOl 2011] by G. R. Goldstein, J. A. Goldstein and Rhandi, and served them in their studies 
about existence, nonexistence, and the qualitative behavior of solutions. In this way, for instance, 
the authors in 1 1 ] , have established first inequality iQ) when d > 3, p = 2, A £ R dxd is a positive- 
definite symmetric matrix, and c is such that J pdx = 1. Then, they proved the following result: 

Theorem A. 2. (Goldstein-Goldstein-Rhandi) 

(i) If A. < (£*r) , then for every nonnegative initial value uq £ Li, equation 

(5) 2ft - Au = (Ax, Vu) + M x e R d , t > 

admits a nonnegative global solution with exponential growth. 

(ii) If A > , then for every nonnegative initial value Uq £ \ {0} f/zere z's no nonnegative 
global solution of equation $5$ with exponential growth. 

In order to prove the nonexistence of global solutions of equation ©, the authors in ||T0l employ 
an approach in |5| due to Cabre and Martel. Comparing Theorem [2] with Theorem [T] one sees 
that the unbounded drift term Ax appearing in the symmetric Ornstein-Uhlenbeck operator L = 
— A + (Ax, V-), has a strong influence on the qualitative behavior on the corresponding solutions 
of equation ||5}. 

In analogs with the two theorems above, we first state and prove in Section 2 of this article the 
weighted Hardy inequality (1). If p > d, then we deduce from inequality JT) a weighted Poincare 
inequality. The proof of inequality (TTJ is here based on the so-called method of vector field first 
introduced by Mitidieri in [14|. Based on the same method, we state weighted Caffarelli-Kohn- 
Nirenberg inequalities in Section 3. In the last section, we apply our Hardy inequality and use 

the optimality of the constant ( J 1 y to prove an existence and nonexistence result in dimension 
d = 1 of equation ||5), where we replace the symmetric Ornstein-Uhlenbeck operator L in ||5) by 
the nonlinear p-Kolmogorov operator 

v = -A P + <iv-r 2 v-,^>. 

The p-Kolmogorov operator was first introduced by G. R. Goldstein, J. A. Goldstein and Rhandi 
in J9]. We will use an idea of Cabre and Martel in [5 1. 

Throughout this article, we employ the following notation: For 1 < p < +oo and if u is the 
Borel measure defined by ||2j, then we denote by :— LP (dp) the weighted Lebesgue space on 
either ]0, +oo[ if d = 1 or on M, d if d > 2, and by ii }gc the set of locally L^-integrable function on 

either ]0, +oo[ if d = 1 or on H d if d > 2. Further, we denote by wl' p the first weighted Sobolev 
space, i.e., the set of all u £ hZ having the distributional partial derivative d Xl u, . . . ,d Xd u £ L^. 
Similarly, an element u £ W^'j^ c if and only if u £ loc and d Xl u, . . . , d Xd u £ loc . In this context, 
it is worth mentioning, that for the measure u defined by |(2j, the set C^° of infinitely differentiable 
function having compact support in either ]0, +oo[ if d = 1 or on R d if d > 2 lies dense in Wf , 
see for instance by Tolle. 
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2. Main results 

In this section, we study for 1 < p < +00 the following weighted Hardy inequality with 
optimal constant. 



Theorem 2.1. Let A G R axd be a symmetric positive semi-definite matrix. Then, for all u G wj,' p , 

p-l r . . . .£ 



(W 



( |d_ I \ P 

Moreover, if either A = or A is positive definite, then the constant C(d,p) = ( ' zs optimal 

(including the case p = d if d > 2). Here the integral is taken over ]0, +00 [ if d = 1 and over R d if d > 2. 

REMARK 2.1. Since for any symmetric positive semi-definite matrix A = G Kr , we have that 
{x l Ax) < \x\ 2 \A\ for all x G R d , one easily sees that the second term on the right hand-side in dXJ 
satisfies 



sgn(d-p) / \u 



,p {x'Ax)2 



— — d]i < |A|2 J \u\? dpi forallwGL^. 

Thus Hardy's inequality Q} implies that W^' p > LP( C ^^ dpi) by a continuous injection, pro- 
vided p 7^ d. Furthermore, we can deduce from inequality H) the following Poincare inequality. 

Corollary 2.2. If the matrix A is positive-definite, then for p > d, 

(6) ( £ p^) P_1 A p/2 (A) j \u\Pdpi < J |Vu|P dp for all u G W,V P , 

w/iere A(A) > denotes the lowest eigenvalue of A. 



PROOF of COROLLARY [272J. If the symmetric matrix A G E d is positive definite, then the 
lowest eigenvalue A(A) of A is strictly positive and x'Ai > A(A) |x| 2 for all x G R d , whence we 
can deduce inequality (|6} from inequality provided p > d. □ 



PROOF OF THEOREM |ZTJ It is not hard to see that in the case p = d for d > 2, inequality JT) 
holds true with optimal constant C(d, d) = 0. It is left to show that inequality (Q3 holds true when 
p 7^ d and d > 1. To do so, we follow an approach introduced by Mitidieri in 1141 . We take e > 0, 
A > 0, which will be chosen later, and set 



F(x) = Asgn(d — p) 



■p(x) 



\X\P +£' 

for every x G R d if d > 2 and for all x g]0, +oo[ if d > 1, where p is defined in ||2). Since for every 
i = l,...,d, 

d Xj 1 pxf\x\P- 2 

dx~ \x\V +e ~~ fxjP +e ~ (|x|P +e) 2 

and since for /(x) := x'Ax, (x G R d ), f'(x) = x l {A + A 1 ) = 2x f A, we have that 



dX; 



A sgn(tf — p) 



1 



x \P + £ 



px^rj _ x^ Fl 

(|x|P+£) 2 |x|P+£ V 7 



p[x) 



and so 



div(F(x)) = A sgn(d — p) 



lx|P 



|x|P+£ (|x|P+£) 2 



[x'Ax)? 

|x|P +£ 



p(x). 
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Since the set of infinitely differentiable functions with compact support lies dense in WJ , it is 
sufficient to show that inequality IQ} holds for u G C^°. Fix u G C^°. Then, by an integration by 
parts and Young's inequality 



J \ u\ p Asgn(d — p) 



(x'Ax)? 

]x\P+e (\x\P+e) 2 \x\P+e 



V \ x v 



dji = J \u\Pdxv(F) dx 

= (-p) J ImIP" 1 sgn(u) (Vu,F) dx 
< J \Vu\P d F +(p- J gdp. 



And hence 



\u\ p Asgn(d — p) 



d _ v\A? 

WTe {\x\P+e) 2 



d H -(p-l)\P' I j^dp 



< / |Vw| p dp + Asgn(d - p) \u 



| P {x'Ax)2 

\x\P+E 



dp. 



Letting £ — > 0+, applying Lebesgue's dominated convergence theorem and Fatou's lemma, we 
obtain that 

J M![A|d-p|-(p-l)AP'] dji< J \Vu\P dp + Asgn(d-p) J\u\P^^d F . 

Now, we choose A = [~jr^j m the last inequality, which is, in fact, the maximum of the 
function Ah> [A|d — p| — (p — 1) A*"] on the half line [0, +00 [ and achieve to inequality |(TJ. 

Next, we show the optimality of the constant ( ) p when d 7^ p and when the matrix A is 
positive definite. To do so, let A > ( v and for 7 such that 



(7) 



1 - § < 7 < if p < d and 1 - § < 7 < 1 if p > d, 



set <p(x) = |x| 7 . Then, V<p(x) = 7 |x| 7 2 x for all 1 ^0, and since j:'Ai < \A\ \x\ 2 for all x G R d , 
we have that 



|V<p|P + A 1/ P'sgn(rf- p) |<p|) 



(x f Ax)? A i 



<[M P -A] I W^-^dji+^^XP 1 /|x| 7p dp 



(8) 



By the assumption, there are ol\, a.2 > such that 

ai \x\ 2 < x'Ax < a.2 \x\ 2 for all x G R d . 

Hence for every j6 G R, 



(9) 



:|^dp < 







|x|^e P dx and 



(10) 



+ O0 



For every z = 1,2, and every /5 G R, 

\x\v¥> e V dx=cr{S d _ 1 ) 



:| p/3 dp > 



a f /2 rP 



+ CO 



< /2 |x|P 



lx|P p e V dx. 



r PP e v r d - x dr 
pfi+d-p pjs+d r+ cx > 
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where c(Sd_i) denotes the total surface measure of the unite sphere S^-i := {x £ R d \ \x\ = 1} 
with respect to the surface measure a on S^_\. We note that 

/ r + r _1 e~ f dt = r(jS+ |) is finite for every f> > -f 

and in particular for jS = 7 or (6 = 7 — 1 when we choose 7 as in 0. Thus, cp{x) = belongs 
to Wl' p , and in view of J8t- lfl0t , we have that 



/ 


|V<p|P + A?' sgn(d - 




d]i 


J 


f \q>\Pd}i 



< 



< 



[|tI p -a] j 


f \x\P^- x U}i+ \A\V? 2 \v< j 


f \x\"<r>d}i 


J 





A] 



p(7-l)+d-p p(7-l)+rf 



p a 



, ,„ 1 Pl+d-p _rr+d 



p-y+d-p PJ+d 

, — a 2 2 r( T +f) 



p(~r-l)+d-p p{y-l)+d 1 p7+rf-p _£7+£ 

I." - A] p p ol x + |A|P/ 2 Ap 7 v~^~H [(7 - 1) + i] 



p-y+d-p P7+d 

1 v H 2 [(7-l) + f] 



Since, 



p(7-l)+rf-p 



lim p p 



7 ->(l- 



p7+rf-p 

lim p p — 1, 

r-Ki-£)+ 



P(7-1)+J 

lim a 1 2 =1, 

7->(l-f)+ 



lim a. 2 = cc. 2 (i = 1,2), 



T-^(l-f) + 



lim 

T^(l-|) + 



(7-l) + | 



0, 



and since 



we have that 



lim 

7^(l-f)+ 



lim 

7^(l-|) + 



p(7-l)+rf-p p(7-l)+rf 



(l7l"-A) = (^) P -A<0, 



]_ p7+d-p Pl+d 



A]p p «j 2 + |A|P /2 Ap' p^^a x 2 [(7-l) + f] 

P7+J-P _PT+d 



Thus, 



inf 

<peVfp:M L p>o 



y Vf| p rf^ + Ap 1 'sgn(d-p) 











and hence, for every M > 0, there is a <p 6 W^' p with ||<p|| L p > satisfying 

|V<p|^ + A^sgn(d-p) J kl p (xf ff V2 ^ "/ ^l<Pl P ^<(-M) / \<p\Pdji<0. 
This shows that the constant ( P in inequality |[T) is optimal. 



□ 
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3. Two weighted Caffarelli-Kohn-Nirenberg inequalities 

We follow again the Ansatz as outlined in |14J and we prove for 1 < p < +00 the following 
two weighted inequalities with optimal constant. Both inequalities reduce in the case p = 1, 
c — 1, A = to the famous Caffarelli-Kohn-Nirenberg inequalities QQ. Here and as above, the 
integral is taken over ]0,+oo[ if d = 1 and over R rf if d > 2. We denote by C^ either the set 
C~(]0, +oo[) if d = 1 or C~(R rf \ {0}) if d > 2. 

THEOREM 3.1. Let A G a symmetric positive semi-definite matrix, and let s£l, Then 

j ^d ¥ < J ^ d p + (^^Y'\ g n { d-p(a + l))J\u\P^id F 

for all u G C~ . Moreover, if either A = or A is positive definite, then the constant ^ l d ~K g+1 )l ^ p jg 
optimal (including the case p(a + 1) = d). 

Proof of Theorem [371} We take A > 0, set F(x) = Asgn(d - p(a + 1)) p(x), and 

proceed analogously as in the proof of Theorem 12. II □ 



THEOREM 3.2. Let A e H dxd be a symmetric positive semi-definite matrix, and let f> G R. T/ien 

/or a/Z u G C~ . Moreover, if either A = or A is positive definite, then the constant ^ l rf ~K a + 1 )l ^ p jg 
optimal (including the case p(a + 1) = d). 

PROOF OF THEOREM [3j2l For A > 0, we set F(x) = Asgn(d - (p + /5)) |^|^ and pro- 
ceed analogously as in the proof of Theorem 12. II □ 



4. Application: A nonexistence result 

In this section, we prove existence and nonexistence of nonnegative solutions to the p- 
Kolmogorov parabolic problem <fT3b . We define solutions in the following sense. Similar defi- 
nitions can be found for example in 1 12] or [7]. 

DEFINITION 4.1. Let u G L\ (]0, +oo[), / G L 2 (0, T; L 2 {]0, +oo[)), and let A > 0. We call a 
function 

H GC([0,T];L2(]0,+oo[))nLP(0,T;Wjj c (]0,+oo[)) 
a weak solution locally off of zero of equation 

(11) d t u - d x {\d x u\P~ z d x u} = \d x ii\V- 2 d x u d -f + ^\ u \P- 2 u+f on]0,+co[x]0,T[, 

if for all £ m]0,+oo\, t v t 2 e [0,T] : f x < f 2/ and all <p G W 1 < 2 (t 1 ,t 2 ;L 2 {lC)) n LP{t lf t 2 ; Wjj(/C)), 

(u,f) L 2^ 2 +f I ^-ud t <P+\d x u\f~ 2 d x ud x (p- ^p\u\^~ 2 ucp^dpdt 

(12) " ** 1 . 

/ fcpdpdt. 
t t JK 
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If such a function u is nonnegative a.e. on ]0, +oo[x]0, T[, then we call u a nonnegative weak 
solution locally off of zero of equation (fTTb . We call a function u a weak solution locally off of zero of 
initial value problem 



(13) 



' d t u - d x {\d x u\P~ 2 d x u} = \d x u\P- 2 d x u d -f + 4r\u\V~ 2 u + f on]0,+oo[x]0,T[, 
m(0) = uq on]0, +oo[, 



if u is a weak solution locally off of zero of equation (fTTt and satisfies u(0) = uq in L 2 (]0, +°°[). 
Here we stress that since u E C([0, +oo[; L 2 (]0, +oo[), the initial condition w(0) = Up inL^(]0, +°°[) 
has a meaning. We call a weak solutions u locally off of zero of initial value problem dl3l global if 

u G C([0, +oo[; L 2 (]0, +oo[)) n Lf oc (0, +ck; W^QO, +oo[)). 



Theorem 4.1. T/ien the following assertions are true: 
(i) IfO < A < C(l,p) and ifl<p< +00, then for every nonnegative uq e L 2 (]0, +oo[) and 
/or every nonnegative f E L 2 (0, +00; L 2 (]0, +00 [) ), f/zere is at /east one global nonnegative weak 
solution u off of zero of initial value problem dl3l satisfying 



( 14 ) II"(*)IIl2(]o,+oo[) < ll"oll L 2 + J o H/( s )llL2(]o,+co[) ds forallt>0. 

(ii) If X > C(l, p),if\ < p < 2 and z// = 0, then for any nonnegative uq e L 2 (]0, +°°[) \ {0}, 
f/zere is no global nonnegative weak solution u off of zero of initial value problem < [T3l , zw/zz'c/z is 
bounded with values in L 2 (]0, +°°[). 

In order to prove the second assertion of Theorem 14.11 we need to introduce the Steklov 
average of a function v E L l {]a,b{x]x\,X2[) defined on ]a, i>[x]xi,T2[C K 2 : if < e < T2 — Ti 
and if < h < e, then the Steklov average of v is given by Vh(x, t) := \ ff +h v(x,s) ds for all 
t e]t\, T2 — e[, a.e. x E]a,b[. Moreover, For q, r > 1 we denote by L1 ,r (]a, b[x]xi, T2Q the parabolic 
Lebesgue space 1/(14, r 2 ; 13 (]a, b[)) equipped with the norm 

IMk^KMxh,^!) : = \J ^\u(x,t)\Uxj dtj £oraUM6L'' , (]a / b[x]T 1/ T2[). 

Furthermore, we need the following two well-known lemmas. For a proof, we refer the interested 
reader, for instance, to the book [7| of DiBenedetto. 





Lemma 4.2. Let ]a, b[, ]x\, T2[C R be two open intervals. Then the following assertions are valid. 

(i) Ifv E L1 ,r (}a, b[x]x\, T2Q, then for every < e < T2 — X\, 

v h — > v in L^ ,r (\a,b[x]ri,T2 — e[) as ft — > 0+. 

(ii) Ifv E C([ti, T2]; 13 (]«,(?[)), then v^(t) canbe defined in t = X\ by v^(x, X\) = \ f^ +h v(x, s) ds 
(x E]a,b[) for all < h < ti — X\. Moreover, then for every < e < T2 — Xj and every 
t E [Ti,T 2 -£[, 

v h (t)->v(t) inl3{]a,b[) asft->0+. 

Lemma 4.3. Ifu is a weak solution locally off of zero of equation ((Til and if g : R — >■ 1R is Lipschitz- 
continuous, then for every <p E W^' p (]0, +oo[) n L 2 (]0, +oo[) having compact support contained in 
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]0, +00 [, and every t\, t 2 £ [0, T] : t\ < t 2 , 



r+°o ( ru(h) \ f+°° ( f u (h) \ 

Jo [Jo S(s)ds\(pdn-J^ Ijf g(s)ds\<pdfi 

rh r+oo rii r+oo 

+ / / \d x ii\J> g'(u)<pdpidt+ / / \d x u\P- 2 d x ug(u)d x cpdiidt 
Jti Jo Jti Jo 

= l* 1 +<X \^wr 2 u+f) g (u)tpdtidt. 

PROOF. By a standard approximation argument, one sees that it is sufficient to prove the 
claim of this lemma for test-functions <p £ C*(]0, +°°[). Thus, we fix <p £ C*(]0, +°°[), and for 
fixed < t < t + h < T, we take t\ — t, t 2 — t + h, and multiply equation 1(12} by /i -1 . Then 
equation l(T2l becomes 

p+oo pt+h p+oo 

J hT x (u(t + h) -u{t)) (pd}i + J J h' 1 [\d x u\v- 2 d x uj d x (pd}idt 

rt+h p+oo / N 

idt. 



pt+n p+oo 

j t lo h ~ l (wwr 2u +f)<P d v< 



By Fubini's theorem, since 3f%(f) = h 1 (u(t + h) — u(t)), and by the definition of Steklov aver- 
ages, the last equality can be rewritten as 

p+oo p+CO p+OO 

d t u h {t) ( pd}i + (\d x u\P- z d x u) h (t)d x <pd}i = ^\u\P~ 2 u + f) h (t)(pd]i. 

1 V 

By the hypothesis, for any t £]0, T[, g{uh(t)) <p £ W q(/C) with distributional derivative 

3* (*("*(*)) 4>) = <t> + g(u h (t)) d x cp, 

where JC <s]0, +oo[ can be chosen as an open and bounded interval such that the support of <p 
supp(<£>) C JC. Thus, we can replace <p by g(%(t)) <p in the last equality. Then, integrating over 
]t\, t 2 [ for any t\,t 2 £ [0, T] : t\ < t 2 and applying Fubini's theorem gives 

r+oo ( r"h(h) \ r+oo / ru h (ti) \ 

Jo Wo S{ s ) ds j ( P d F-J (j \J g(s)dsj(pd}i 

+ /" + °° {(|3*»l p - 2 3x«) fc (0s / (»fc(0)(3*»)k(0^ + (|3x«| p - 2 3*«) (0 ^(« ft (0) 9*^} d?*d* 



h r+°o 

ilwIP- 2 , 



\u\p- 2 u+f) (t)g(u k (t))(pdndt. 

It! JO Jh 

Now, by sending h — > 0+ in the last equality and using Lemma l4~2l leads to equality |Tl"5t . □ 

PROOF of Theorem[4J] If A < C(l, p), then by Theorem 3.17 in [11], for every nonnegative 
u £ ^u(]0/+°°[) and for every nonnegative / £ L 2 (0, +oo; L 2 (]0, +oo[)), there exists at least one 
global nonnegative weak solution u off of zero of initial value problem flBl . Moreover, there is a 
sequence (« m )m>l of strong solutions 

Mm £ Wl; c 2 (]0,+oo[;L2(]0,+oo[))nLf oc (0,+oo;W;' p (]0,+oo[)) 
of the truncated problem 

(l m ) 3 f u m - d x {\d x U m \ p ~ 2 d x U m } = \d x U m \ p ~ 2 d x U m ^ + O m u^ 1 + fm on ]0, +oo[x]0, +oo[, 
(2 m ) M m (0)=M° on]0,+oo[, 
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for <b m (x) := min{^,m}, f m (x,t) — min{/(x, t), m}, and u^ n {x) : — min{Mo(x), m\, each of them 
defined pointwise almost everywhere, such that for every T > 0, 

(16) u m — y u inC([0,T];L 2 (]0,+oo[))asm -> +00. 

If we first multiply equation (T^\ by u m with respect to the inner product on L 2 (]0, +oo[), and 
subsequently integrate from to t for fixed f > 0, then we obtain by Hardy's inequality (1) and 
by the Cauchy-Schwarz inequality that 

5II"'"WIIl2(]0,+co[) - 2ll M mlli2Q 0/+oo[ )+ / ll/m(s)|| L 2 ( ] 0/+oo[) ||"m(s)|| L 2 (]0/+oo[) ds. 

By Lemma A. 5 in the book 13] by Brezis, we can deduce from the last inequality that 

ll M «MIU(]o, +00 [) - 1 1 "0 1 1 + / ll/(s)|| L 2 (]0/+oo[) ds far all t > 0. 

Since lK|| £ 2 (] o, +00 [) < Il"o|li2(]o,+oo[) and ||/m|| L 2 (0/T/L 2 (]0/+oo[)) < ||/|| i2(o,T,i.j;(]o,+<»[))' and by 
limit | [T6l l, we can send m — > +00 in the last inequality and see that u satisfies inequality (|14|| . 
Thus claim (i) of this theorem holds true. 

Let 1 < p < 2 and f = 0. We suppose that there is a global nonnegative weak solution u off 
of zero of equation ijlTjl. with nonnegative initial value w(0) = uq 6 L 2 (]0, +oo[) \ {0}, which is 
bounded with values in l4(]0, +oo[). Then, we shall reach a contradiction. To see this, we fix 

(p £ C~(]0, +oo[) and for every integer k > 1 and every s e E, let gk(s) = (s + 1 A) 1_ P. Then, by 
Lemma lOl for g = g k , <p — \q>\? , t\ = 0, and *2 = t for any fixed f > 0, 

/■ + <» (-+CO 

— ' (u(t) + l/k) 2 -r\(p\Pdn-^ / ( Mo + lA) 2 - p kl p ^ 



2-p 



/•t /•+<» 

+ (l-p) / |3 I u(s)|P( M (s) + l/fc)-P|<?'| p d ? /d S 



Jo 

f /- + 0O 



Jo 



\d x u{s)\P- 2 d x u{s) (m(s) + l/k) 1 -v d x cp\(p\P- 2 (pdiids 
^uP- 1 (s)(u(s) + l/k) 1 -V\ ( p\Pd } ids. 
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We apply Young's inequality, and since (uq + \/k) 2 ~P \q>\P is nonnegative a.e. on ]0, +00 [, we 
obtain that 

^uP- 1 (s)(u(s) + l/k) 1 -P\cp\Pd } ids 



(17) 



Jo 



<tj \B x< p\Pdfl+^J (u(t) + l/k) 2 -P\cp\Pd H . 
For almost every (x,s) 6 ] 0, +00 [ x ] 0, t [, 

V -\x\>> („(^)+l)P-i /Tipl^WI as/c^+oo, 

and 

( U (x,s) + i) 2 -''|<p(*)l p \m 2 -P(x,s) |<p(x)|f asfc^ +00. 
Thus, by Beppo-Levi's convergence theorem, sending k — >• +00 in inequality flTt gives 

ty ^M'^-t J \d x9 \r> dp < ^ J u 2 -p{t)\q>\Pd^ 

and by Holder's inequality, 

i>-\-ca 

,2-p 



t y a 1^ _* y M ^ < ^ < |M|[ 2(]0/+oo[) ll«(0ir L 2j , +M[) . 
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We divide this inequality by t > 0. Since f h-> u(t) is bounded from ]0, +oo[ to L^(]0, +oo[), 
sending t + oo yields to 

r + co r+OO 

/ ^W\ p dji - / \d x <p\?dn<0. 
Jo ' Jo 

Since cp G C£°(]0, +oo[) has been arbitrary in this inequality and since C£°(]0, +oo[) lies dense in 
W^' p (]0, +°°[), we have thereby shown that 

/ \d x cp\^dji- / —\cp\V dji 
inf ^ — ^ > 0, 

^W^(]0,+oo[):||^|| 1?(]0 , +oo[) >0 / Wl P d}i 

JO 

but this obviously contradicts the optimality of the constant C(l, p). □ 
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